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Why precision matters for preconditioning

Standard model of floating-point arithmetic: e Preconditioners are approximate:

For any x such that |x| € [fnin, fmax], avoid oversolving with needlessly high
filx) =x(1+46), [§|<u precision

Range fmax/fmin  Unit roundoff u

fp64 ellm52 22046 ~ 10616 2753 ~1x10°16

fp32 e8m23  2%4 = 1070 22 ~ 6 x 1078
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Why precision matters for preconditioning

Standard model of floating-point arithmetic: e Preconditioners are approximate:

For any x such that |x| € [fnin, fmax], avoid oversolving with needlessly high
filx) =x(1+46), [§|<u precision
@ The emergence of (very) low
Range fmax/fmin  Unit roundoff u precisions means we cannot ignore
fp64 ellm52 22046 ~ 10616 2= 2 11 5 Y= rounding errors any more
fp32 e8m23  2%4 = 1070 22 ~ 6 x 1078
fp16 e5m10 230 ~ 10° 211 x5 %1074
bfloatl6 e8m7 2254 ~ 1076 278~ 4x103
fp8 e4m3 215 ~ 3 x 10* 274~ 6 x 1072
p8 e5m2 230 ~ 109 23 x~1x10"1
fp6 e2m3 23~ 8 2%~ 6 x 102
fpb e3m2 27 ~ 128 2-3 ~0.125
fp4 e2m1l 28 ~8 272~ 0.25
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Why precision matters for preconditioning

Standard model of floating-point arithmetic: o Compressed data formats and efficient

on-the-fly decompression (memory
accessors) provide a continuum of
precisions with performance o storage for
memory-bound operations = balance
precision and preconditioner’s errors

For any x such that |x| € [fnin, fmax],
fi(x) =x(14+90), [6|<u

Range fmax/fmin  Unit roundoff u

fp64 ellmb2 22046 & 10616 2=58 ~ 1 x 1010 100

rp56 ellm44 22046 ~ 10616 2-% 3 x 1071

rp48 ellm36 22046 ~ 10616 273 x~ 7 x 10712 )

rp40 ellm28 22046 ~ 10616 2729 2 x 1072 5

fp32 e8m23 2254 1070 2= ~6x10°8 & 80

rp24 e8ml5 2%~ 1070 2716 ~ 2 % 1075 -

fp16 e5m10 230~ 10° 211 x5 x 1074 z ™

bfloatl6  e8m7 2254 1076 278~ 4x103 ©

rpl6 e8m7 2254 5 1076 278~ 4x10°3 60

fp8 e4m3 215 ~ 3 x 10% 2=% ~ 6 x 10~2 T e

fp8 ebm2 220 ~ 107 Z_i ~1x 10_; Bor oo iy mi0 B2 w2l
:.gg ::2,’23 37 ; 51;28 ;_3 ; (6):2&1_’0 SpMV performance with memory accessor
fp4 e2m1 2% ~8 272~ 0.25 Long_Coup_dt0 matrix
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Part |

Uniform precision preconditioning




Preconditioned GMRES

M~1Ax = M~1b

AM™y = b, x = M~y

Left GMRES

Right GMRES

1: n=b-Ax

2: s9p=M"ln

3 B=|=l, n=%/8, k=1
4: repeat

5.z =Av

6: Wy = M_lzk

7 fori=1,...,k do

8 hik = viT wi

9 Wi = wi — hj ,v;

10; end for

110 bk = Iwill, vierr = wie/ iy i
12: VkZ[Vl,...,Vk]
13: Hy ={hijhi<i<j+11<j<k

14:  y, = argmin, ||Ber — Hyy||
15 k=k+1
16: until ||Ber — Hiykl < 7

18: xx = x0 + Viyk

[y

rozbfAXo

B =lnl, i=rn/B k=1

repeat
Z) = Mﬁlvk
Wy = AZk
fori=1,...,kdo
hix = V’-TW/(
wi = wi — hi kv;
end for
b1 = lIwills Vierr = wie/ i1,k
Vie=1[v1,..., ]

Hi = {hijhi<i<jyii<i<k
yx = argmin, ||Ber — Hyy||

o ountil |Ber — Hieyil <7
Dodk = Vi
C X =x0 + M~ td,
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Preconditioned GMRES

M~1Ax = M~1b

AM™y = b, x = M~y

Left GMRES

Flexible GMRES

1: n=b-Ax

2: s9p=M"ln

3 B=|=l, n=%/8, k=1
4: repeat

5.z =Av

6: Wy = M_lzk

7 fori=1,...,k do

8 hik = viT wi

9 Wi = wi — hj ,v;

10; end for

110 bk = Iwill, vierr = wie/ iy i
12: VkZ[Vl,...,Vk]
13: Hy ={hijhi<i<j+11<j<k

14:  y, = argmin, ||Ber — Hyy||
15 k=k+1
16: until ||Ber — Hiykl < 7

18: xx = x0 + Viyk

[y

rozbfAXo

B =lnl, i=rn/B k=1

repeat
Z) = Mﬁlvk
Wy = AZk
fori=1,...,k do
hix = V,'TWk
wi = wi — hi kv;
end for
hii1 k= Iwll, vierr = wie/biya i
Vi = [V],...,Vk]7 Zy = [217"'7Zk]

Hi = {hijhi<i<jyii<i<k
yx = argmin, ||Ber — Hyy||

o ountil ||Ber — Hiyl| <7

DXk = Xo + Zydy
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Setup vs Apply

@ Using low precision for setting up the preconditioner is common practice
(though determining what level of precision is needed may not be obvious and is

preconditioner-dependent; more on this in Part Il)

@ It is much less clear what precision to use for applying the preconditioner
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(though determining what level of precision is needed may not be obvious and is
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@ It is much less clear what precision to use for applying the preconditioner

@ Some studies apply it in higher precision to improve accuracy. They are dedicated
to left-preconditioned GMRES
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Setup vs Apply

@ Using low precision for setting up the preconditioner is common practice
(though determining what level of precision is needed may not be obvious and is
preconditioner-dependent; more on this in Part Il)

@ It is much less clear what precision to use for applying the preconditioner

@ Some studies apply it in higher precision to improve accuracy. They are dedicated
to left-preconditioned GMRES

@ Other studies apply it in lower precision to improve performance. They are
dedicated to flexible GMRES

= Need better understanding of the effect of Apply's precision and of the
preconditioning style (left, right, flexible)
5/19



Mixed precision preconditioned GMRES

Left GMRES Right GMRES
1: n=5b-Ax us 1. n=b-Ax us
2. so=M1n Um 2:
3: B=|sll, i =s/8, k=1 ug 3: B=|nl, n=nr/B, k=1 ug
4: repeat 4: repeat
5.z =Aw us 5: zx = M1y, Um
6: we= M1z Um 6:  we=Az u,
7 fori=1,...,k do 7: fori=1,...,kdo
8 h,',k = VI-TWk ug 8: h,‘7k = V’-TWk ug
9: Wi = Wi — h,;kv,- ug 9: Wi = Wi — h,-,kv; ug
10:  end for 10: end for
110 higa e = Iwill, vierr = wie/ iy i ug 110 hega ke = lIwll, vierr = wie/Biya i ug
12: Vk=[V1,...,Vk] 12: Vk:[vl,...,vk]
13: Hi = {hijhi<i<jrr1<i<k 13: Hi = {hij}i<i<jti1<i<k
14:  yx = argmin, [|Ber — Hyy|| ug 14:  yx = argmin, [|Ber — Hyy/| ug
15: k=k+1 15: k=k+1
16: until ||561 = Hkyk|| <rT 16: until ||b’e1 = Hkyk|| <rT
17: 17: dk = kak Ug
18: xx = xo + Viyk ug 18: xx = x0 + Mfldk Um
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Mixed precision preconditioned GMRES

Left GMRES Flexible GMRES
1: n=5b-Ax us 1. n=b-Ax us
2. so=M1n Um 2:
3: B=|sll, i =s/8, k=1 ug 3: B=|nl, n=nr/B, k=1 ug
4: repeat 4: repeat
5.z =Aw us 5: zx = M1y, Um
6: wx=M1z Um 6:  we = Az uz
7: fori=1,...,kdo 7: fori=1,...,kdo
8: h,',k = VI-TWk ug 8: h,‘7k = V’-TWk ug
9: Wi = Wi — h,;kv,- ug 9: Wi = Wi — h,-,kv; ug
10:  end for 10: end for
110 higa e = Iwill, vierr = wie/ iy i ug 110 hega ke = lIwkll, vierr = wie/Biya i ug
12: Vi =[v1,...,v] 122 Vi=|vi,...,wl, Zk =[z1,-.., 2]
13: Hi = {hijhi<i<jrr1<i<k 13: Hi = {hij}i<i<jti1<i<k
14:  yx = argmin, [|Ber — Hyy|| ug 14:  yx = argmin, [|Ber — Hyy/| ug
15: k=k+1 15: k=k+1
16: until ||561 = Hkyk|| <rT 16: until ||b’e1 = Hkyk|| <rT
17: 17:
18: xx = xo + Viyk ug 18: xx = xo + Zidx Um
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Attainable accuracy of mixed precision preconditioned GMRES

Disclaimer: the following only says something about the attainable accuracy. The
effect on convergence rate is a much harder problem.

Attainable forward error bounds (Buttari, Liu, M., Vieublé, 2026)

o Left: K(M7tA)ug + max(p, K(M7A))um + £(A)u,
(p < (M~ A)s(M)]| Ay /]| All)

o Right: K(AM Y s(M)ug + £(M)um + k(A)u,

o Flexible: K(AM ) r(M)ug + k(A)u,

Key observations

o Different operations and different preconditioning styles have different effects on
the attainable accuracy
@ Apply's precision u,, affects Left/Right's accuracy, but not Flexible's

o Intuitive explanation: rounding errors in Apply are different at each iteration,
making the preconditioner nonconstant
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FleXibIe VS non—fleXib|e+accessor (ongoing work w/ Amestoy, El Habti, Jego, L'Excellent)

Flexible GMRES
i® High memory overhead (Krylov basis and its
preconditioned counterpart)

Preconditioner can be applied in low
precision

Classical GMRES
Half the memory overhead of Flexible
GMRES (Krylov basis only)

i® Preconditioner has to be applied in high
precision = can use memory accessors!
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FleXibIe VS non—fleXib|e+accessor (ongoing work w/ Amestoy, El Habti, Jego, L'Excellent)

Flexible GMRES Classical GMRES

High memory overhead (Krylov basis and its Half the memory overhead of Flexible
preconditioned counterpart) GMRES (Krylov basis only)

Preconditioner can be applied in low Preconditioner has to be applied in high
precision precision = can use memory accessors!

[llustrative example on matrix Tangent.S (MUMPS+PETSc)

@ Different time—memory tradeoffs can be achieved by turning various knobs:

restart size, block low-rank compression threshold
(time in s., mem. in GB)

Time-optimal Memory-optimal

Method time mem. its. | time mem. its.
Flexible GMRES 60 26 5 | 248 16 178
Classical GMRES | 64 34 3 | 153 16 62

o Flexible is better to minimize time, due to memory accessor overhead
@ Classical is better to minimize memory: can use twice as large restart size, which

can sufficiently reduce iteration count to offset memory accessor overhead

8/19



Short-term recurrence solvers

The previous discussion is specific to GMRES. For short-term recurrence solvers, the
preconditioner can often be applied in low precision

e PCG
e BiCGSTAB

e LSQR
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Part |l

Mixed precision preconditioning




Adaptive precision (AP) algorithms

@ Precision # accuracy

o Precision is the error of elementary operations {+, —, X, +}
@ Accuracy is the error of a sequence of operations

@ Let € > 0 be the target accuracy and let u; < ... < u, be the available precisions.

@ Consider an abstract computation partitioned into N steps, and let k; be the
precision/accuracy amplification factor of step i

@ What precision should we assign to each step?

Precision Accuracy €
Step 1  Unigh [TITTITTIITT] Aibnigh [TTT[TTT]
Step 2 Unigh [IITTTTTIITT] AK2bnigh [TTI[TTTITIT]

Step N Unigh [TTTTTITIITT) ANUnigh (TITIITITT]
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Adaptive precision (AP) algorithms

@ Precision # accuracy

o Precision is the error of elementary operations {+, —, X, +}
@ Accuracy is the error of a sequence of operations

@ Let € > 0 be the target accuracy and let u; < ... < u, be the available precisions.

@ Consider an abstract computation partitioned into N steps, and let k; be the
precision/accuracy amplification factor of step i

@ What precision should we assign to each step?

@ Uniform precision: use uy,,, < & = creates imbalance, some steps are needlessly precise

Precision Accuracy €
Stepl  Uow [IIIITIT] Killow  [T11]
Step 2 Uow [IIITT1T] Koliow  [TTT]TTT]
Step N Uiow [[IIIIIT] KNUiow [TTTIT
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Adaptive precision (AP) algorithms

@ Precision # accuracy

o Precision is the error of elementary operations {+, —, X, +}
@ Accuracy is the error of a sequence of operations

(]

Let € > 0 be the target accuracy and let u; < ... < up, be the available precisions.

Consider an abstract computation partitioned into N steps, and let k; be the
precision/accuracy amplification factor of step i

@ What precision should we assign to each step?
@ Uniform precision: use uy,,, < & = creates imbalance, some steps are needlessly precise
@ Mixed precision: use u; such that x;u; = ¢: balances errors at different steps
Precision Accuracy €
Stepl (11T K1y (11T
Step2 i 11 K2l (11T
Step N uy  [III1D knuy [T
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AP domain decompOSition preconditioning (Caruso, Jolivet, M., Nataf, Tournier, 2026)

@ Given an SPD system, consider the additive Schwarz preconditioner

N
M~ =>"RTA'R;,
i=0
where Ay, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner

N
ML= RT(A + E)'R,  |IE] < u] Al
i=0
satisfies ~ 14¢ L
k(M7 A) < k(M7 A), = maxuk(A;)

~1l-—¢
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AP domain decompOSition preconditioning (Caruso, Jolivet, M., Nataf, Tournier, 2026)

@ Given an SPD system, consider the additive Schwarz preconditioner

N
M~ =>"RTA'R;,
i=0
where Ay, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner

N
ML= RT(A + E)'R,  |IE] < u] Al
i=0
satisfies ~ 14¢ L
k(M7 A) < k(M7 A), = maxuk(A;)

~1l-—¢

= Algorithm: set u; < 1/k(A;)
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AP domain decompOSition preconditioning (Caruso, Jolivet, M., Nataf, Tournier, 2026)

@ Given an SPD system, consider the additive Schwarz preconditioner

N
M~ =>"RTA'R;,
i=0
where Ay, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner

N
ML= RT(A + E)'R,  |IE] < u] Al
i=0
satisfies ~ 14¢ L
k(M7 A) < k(M7 A), = maxuk(A;)

T 1l-c¢
= Algorithm: set u; < 1/k(A;)

@ Our analysis also covers the GenEO method to build the coarse space. It involves solving
local GEVPs whose precision should also be set o< 1/k(A;)
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AP domain decompOSition preconditioning (Caruso, Jolivet, M., Nataf, Tournier, 2026)

Poisson equation with
discontinuous coefficient

10°
. .. 4|
Uniform precision: u; = u 10
=T 10°4
—— All subdo. 'T
'''''''' One subdo. x(A;) € [10%,10%] <§
One subdo. r(4;) € [107,107] 102~
"""" One subdo. x(4;) € [10',10'%]
"""" Coarse matrix #(A4g) = 5.0x10'2
1014
10" ‘ ‘ ‘
10°% 1072 1078 1071
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AP domain decompOSition preconditioning (Caruso, Jolivet, M., Nataf, Tournier, 2026)

Adaptive precision: u; = £/k(A;)

—— All subdo.

-------- One subdo. r(4;) € [10%,10%]
One subdo. r(4;) € [107,107]

-------- One subdo. x(A;) € [101,10%%]

-------- Coarse matrix r(Ag) = 5.0x102

—— Theoretical bound

Poisson equation with
discontinuous coefficient

1072 100 102 10*

13/19



AP incomplete factorization (ongoing work w/ Lister and Scott)

o Let A= LU; ¢ is computed as
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = E,-j(l +6,-j)' we have

01+ 05) = (a5 Zz,ku,g)/uﬂ

J

< aj = Zﬁikukj + E,-jujjé,-j
k=1
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AP incomplete factorization (ongoing work w/ Lister and Scott)

o Let A= LU; ¢ is computed as
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = E,-j(l +6,-j)' we have

01+ 05) = (a5 Zz,ku,g)/uﬂ

J
< aj = Zgikukj + E,-jujjé,-j
k=1
= Algorithm:
i 1¢58] < l|All - drop £ (£ =0, 6 = —1)
else store (jj in precision < \EHSHI
J gl

Then ||A— LU|| < || Al
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AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix
x10°

111111

o Let A= LU; /;; is computed as 1
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = 6,-1-(1 +<5,-j)' we have

01+ 05) = (a5 Zﬁ,kukj)/uﬂ

J

< aj = Zﬁikukj + E,-jul-,-é,-j
k=1

Number of elements

= Algorithm:
if |£;T0;] < el|All drop £ (£; =0, 6; = —1)
A

el
1€ 1]

else store /;; in precision <

Then ||A— LU|| < || Al

14/19



AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix

o Let A= LU; /;; is computed as
j—1 .
g
f,‘j = (a,-j — E E,-kukj)/uj-j é
k=1 E
~ 2
e Analysis: let £;; = £;;(1+0;); we have z
j—1
(1 +6y5) = (a,-j - :ﬁikUkj)/ ujj S Eesss
J k=1 70 :
o ~
< aj = E E;kukj +€,'J'Ujj(5,'j 60 e
k=1 £ 50
. E
= Algorithm: i
o~ ;30
if [ju;| < el||All drop £ (¢ =0, 6; = —1) =
. . . Z
else store ¢j; in precision < 5“&_“ "
1€ ujj]
o~ 0 2
Then ||A — LU|| < e||A] 1 2 3 1 5

5
Storage(L+U) in bytes x107 14 /19



AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix

o Let A= LU; /;; is computed as
Jj-1 .
} : E
f,‘j = (a,-j — E,-kukj)/uj-j é
k=1 E
. 2
e Analysis: let £;; = £;;(1+0;); we have z
j—1
(1 +0j) = (a,-j - :EikUkj)/ ujj
J k=1 70 :
>~ ~ —o— Adaptive precision
S aj =Y Ll + Lo @ o e 2
k=1 é 50
. E
= Algorithm: i
o~ ; 30
if \E,-jujj\ S z’:‘HAH drop é,J (E,J = 0, 5,J = —1) ’520
. .. A Z
else store {;; in precision < @I,',ﬁ_'_'l 1
=y
e 0 9]
Then ||[A— LU|| < ¢||A] 1 2 3 4 5

5
Storage(L+U) in bytes x107 14 /19



AP incomplete factorization going work w/ Lister and Scott)

Backward error - no R
1le-2.0

1e-3.0

@ HSL_MI28: memory-limited
factorization with fixed
number of elements per
column

@ Preconditioner error € given
by largest element dropped
= use same ¢ for adaptive
precision to balance errors!

Maximum number of elements in L - Isize

0le-13 le-11 1e-9 le-7 le-5

Adaptive precision threshold

crystmQ1 matrix
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AP tile factorization (ongoing work w/ Abdurakhmanov, Ltaief, Keyes, Fahmy)

Root frontal matrix o Consider a pb x pb matrix A partitioned into
in 3D Poisson problem b x b tiles Aj;

o Analysis: let A be obtained by rounding each
Ajj to precision uj;. Then we have

1A= AlIE =" 1A — AylI?

i

2 2

< E uill AjllE
iJ

5 10 15 20

[C1p16 low-rank
[ fp32 low-rank
[ p64 low-rank
I fp64 full-rank
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AP tile factorization (ongoing work w/ Abdurakhmanov, Ltaief, Keyes, Fahmy)

Root frontal matrix o Consider a pb x pb matrix A partitioned into
in 3D Poisson problem b x b tiles Aj;

o Analysis: let A be obtained by rounding each
Ajj to precision uj;. Then we have

1A= AlIE =" 1A — AylI?

i

2 2

< E uill AjllE
iJ

. . .. A
= Algorithm: store Aj; in precision uj; o ”HA_”HE
5 10 15 20 u
116 lownrank @ Moreover, in the factorization of A, the update
[ fp32 low-rank .
I 64 low-rank A + Ajj — AikAxk; can be performed in
I 64 full-rank Y Y J

- IA]
recision ujj, X vt a7 &
P ijk O T AT
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AP tile factorization (ongoing work w/ Abdurakhmanov, Ltaief, Keyes, Fahmy)

175
Results on weak-correlation Matérn covariance
matrices on a single NVIDIA GB200 GPU 150 4
B
i ;
S 100 1
300 I
2 i £
3 | ‘E 754
o 200 ‘ ‘ | o}
= = A
50 1
100 ‘
251
0
e=107" e=10"° e=10"7 e=10"*
‘ Tile format (bottom — top of stack) | 0 U ' iy ' i i
| N4 Nd Nd Nd 3¢ &
I rre4 [N rp32 [ MXFP16 BN MXFPS [Ei] MXFP4 %Q bp Q)Q ‘bQ ’\QQ ’\?’Q

Matrix size N
MX formats use microscaling

£=10" @ e=10"° =107 =107
to prevent underflow 26 € -4 ¢ .y
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AP |0W—rank approximation (Amestoy, Boiteau, Buttari, Gerest, Jézéquel, L'Excellent, M., 2022)

L, Us A ®

VJ precision u;
v, precision up

2 precision u3

© Analysis: Given A = UZVT define the adaptive precision partitioning
A= Zk 1 Uka Vk where Uk and Vk are stored in precision ux. Then

A=Al < Z cug|Zk|
k=1
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AP |0W—rank approximation (Amestoy, Boiteau, Buttari, Gerest, Jézéquel, L'Excellent, M., 2022)

L, Us A ®

V]: precision u;
v, precision up
e/uz 2 precision u3

e/u3

© Analysis: Given A = UZVT define the adaptive precision partitioning
A= Zk 1 Uka Vk where Uk and Vk are stored in precision ux. Then

A=Al <Y culsi]
k=1
= Algorithm: sort X and partition it such that [|X 4| < [|A[|/ux, yielding
A= All < e[| All
@ Beyond SVD, can be applied to any LRA with decaying rank-1 components (e.g.,
RRQR)
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AP block low-rank approximation

@ We use AP BLR approximations in MUMPS for reducing the LU factor storage cost

@ We use 7 custom RP precisions with truncated mantissa and a memory accessor to
perform the LU solves (Amestoy, Jego, L'Excellent, M., Pichon, 2025)

@ lllustrative application impact (Operto et al., 2023):

Gorgon Model, reservoir 23km x 11km x 6.5km,
grid size 15m, Helmholtz equation, 25-Hz
Complex matrix, 531 Million dofs

FR (Full-Rank); BLR with ¢ = 10~>; 48 000 cores (500 MPI x 96 threads/MPI)
FR: fp32; AP BLR: 3 precisions (fp32, rp24, rpl6) for storage
LU size (TBytes) Flops Time BLR + Mixed (sec) | Scaled Resid.
FR BLR +adapt. FR BLR-+adapt. | Analysis Facto  Solve BLR-+adapt.
73 34 26 | 2.6 x 10" 0.5 x 10 446 5500 27 7x107"
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