Sewe: @ ip

Beyond mixed precision:
a short guide to adaptive precision algorithms

Theo Mary
Sorbonne Université, CNRS, LIP6

Dagstuhl Conference on Reduced and Mixed Precision Computing
15-20 February 2026

1/27



What is a mixed precision algorithm?

@ A mixed precision algorithm mixes several precision formats with the goal of
improving performance (wrt high precision) and accuracy (wrt low precision)

@ Traditionally limited to a small number of precisions fixed in advance

@ Prototypical example: iterative refinement for Ax = b

Repeat
r=>b— Ax in high precision
Solve Ad ~ r in low precision
x=x+d in high precision
Until convergence

@ Another common example: high precision accumulators in sums/dot products
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Beyond mixed precision: adaptive precision

@ In this talk, | advocate for an evolution of mixed precision algorithms towards a
more expressive and powerful paradigm: adaptive precision

@ Part I: general guidelines for designing adaptive precision algorithms

e This will seem abstract but | want to extract the essence of adaptive precision
without being distracted by algorithm-specific details

e The ultimate goal is for you to consider applying the same methodology to your
favorite algorithms

@ Part Il: examples of how to put these guidelines into action
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Part |

General guidelines




Continuum of precisions

Standard model:

Range fmax/fmin  Unit roundoff u
fp128 el5m113 232766 ~ 109863 2—114 ~1x 10—34 For any X SUCh that ‘X| S [fmina fmax]y
fo64 ellm52 226 » 10010 2753~ 1 x 1071 fi(x) =x(1+0), [ <u
fp32 e8m23 2254 ~ 107° 27~ 6x 1078
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Continuum of precisions via hardware

Standard model:

Range fmax/fmin Unit roundoff u

fp128 e15m113 232766 ~ 109863 0-114 1 { 5 10~34 For any x such that ‘X| € [fmina fmax]v
fo64 ellm52 226 » 10010 2753~ 1 x 1071 fi(x) =x(1+0), [ <u
@ Lower precisions on specialized
hardware (GPUs)
fp32 e8m23 2254 ~ 107° 27~ 6x 1078
tfloat32 e8m10 2254 ~ 107 271 x5 %1074
fpl6 e5m10 2% ~ 10° 271 ~5x107*
bfloat16 e8m7 2% ~107® 278~ 4x1073
p8 e4m3 2% ~ 3 x 10* 27~ 6x107?
fp8 e5m?2 230 ~ 10° 23 ~1x10!
fp6 e2m3 2B x~8 2%~ 6 x 1072
fp6 e3m2 2" ~ 128 273 0.125
fp4 e2ml 2% ~8 272~ 0.25
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Continuum of precisions via hardware and emulation

Range fmax/fmin

Unit roundoff u

Standard model:

fp128

fp64
int8x7
int8x 6
int8 x5
int8x4
fp32
bfloat16x3
fpl6x2
bfloat16x2
tfloat32
fpl6
bfloat16
fp8

fp8

fp6

fp6

fp4

el5m113
ellmb52
e?mb5
e?m47
e?m39
e?’m31
e8m23
e8m23
ebm21
e8m15
e8m10
e5m10
e8m7
e4dm3
ebm2
e2m3
e3m2
e2ml

232766 ~ 109863
22046 ~ 10616

2254 ~ 1076

2254 ~ 1076
2% ~ 3 x 10*
230 ~ 10°
2%~ 8

27 ~ 128

2% ~8

271~ 1 x 1073
2% ~1x107%
27 ~1x 107
2% 4 x 1070
270 ~9x 1071
272 2 x 107
27 ~6x 1078
27 ~6x 1078
272 2 %1077
2710 ~2x107°
271 x5x107*
271 x5 x 1074
278 ~4x103
27* ~ 6 x 1072
273 ~1x10!
27* ~ 6 x 1072
273 ~ 0.125
272~ 0.25

For

any x such that |x| € [fuin, fmax],
fi(x) =x(14+0), |0|<u

Lower precisions on specialized
hardware (GPUs)

Emulated precisions via multiword
arithmetic/Ozaki scheme, number
of words/slices controls precision

Designed for matrix—matrix
multiplication = compute-bound
operations
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Continuum of precisions

Standard model:

Range fmax/fmin  Unit roundoff u

fp128 el5m113 232796 n 10%03 o114 1 5 10~ For any x such that |x| € [fuin, fmax],
fp64  ellmb52 220 ~ 1090 2753 ~ 1 x 1071 fi(x) =x(1+0), 6| <u

fp32  e8m23 2%%% ~107° 27~ 6x 1078
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Continuum of precisions via software and memory accessors

Standard model:

Range fmax/fmin  Unit roundoff u

fp128 el5m113 232766 ~ 109363 2—114 ~1x 10—34 FOI’ any X SUCh that ‘X| & [fmin7 fmax]y
fp64  ellm52  220% ~ 10516 2753~ 1 x 10716 fi(x) = x(1+9), [0]<u

rp56  ellm44 2204 10010 2% x~3x107

rp48  ellm36 22040 ~ 105° 27 7 x 10712

rpd0  ellm28 22046 ~ 1051° 272 x2x107°

fp32  e8m23 2%%% ~107° 27~ 6x 1078

rp24  e8mib 2254 ~ 107° 2710~ 2 x107°

rpl6  e8m7 225 ~107° 28 x~4x103

@ Custom precisions: storage-only, efficient on-the-fly
decompression (memory accessors)

@ Can also reduce exponent, or indeed use any other
type of compressor (e.g., ZFP/SZ)
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Continuum of precisions via software and memory accessors

Standard model:

Range fmax/fmin  Unit roundoff u

fp128 el5m113 232796 n 10%03 o114 1 5 10~ For any x such that |x| € [fuin, fmax],
fp64  ellm52  220% ~ 10516 2753~ 1 x 10716 fi(x) = x(1+9), [0]<u
rp56  ellm44 2204 10010 2% x~3x107
rpd8  ellm36 279~ 10°° 277 x 7 x 1077 100
rpd0  ellm28 22046 ~ 1051° 272 x2x107°
fp32  e8m23 2%~ 10" 272 ~6x107° ol
rp24  e8mib 2254 ~ 107 2710~ 2 x107° _
rpl6  e8m7 225 ~107° 28 x~4x103 3
= 80+
o Custom precisions: storage-only, efficient on-the-fly = 7}
decompression (memory accessors) S
. 60 +
@ Can also reduce exponent, or indeed use any other e ——
type of compressor (e.g., ZFP/SZ) N )

fp64 T p‘56 rp‘f18 T p“'l(J l'p‘32 1'1)‘2"1 rpl6
@ Performance x storage for memory-bound

. SpMV performance with memory accessor
operations

Long_Coup_dt0 matrix
6/27



Continuum of precisions

@ To sum up, we have access to a continuum of precisions

e via memory accessor-based custom precisions, for memory-bound operations
e via hardware and/or emulation-based, for compute-bound operations

= mixed precision algorithms limited to a small number of precisions leave potential
performance on the table

@ We should no longer think of precision as a static, discrete parameter:
don't ask

Should this operation be in low or high precision?
but rather
What is the required precision for this operation?
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Continuum of accuracies

@ Precision # accuracy

@ Precision is the error of elementary operations {+, —, X, =}
@ Accuracy is the error of a sequence of operations

@ Consider an abstract computation partitioned into N steps, and let k; be the

precision /accuracy amplification factor of step i

@ Even with only two precisions uhigh and uiey, any target accuracy € > 0 can be achieved

by switching to precision ugy, any step i such that K;tow < Elnigh

= By mixing precisions, we can create a continuum of accuracies and finely tune the
performance—accuracy tradeoff. Moreover, this allows for balancing rounding errors with

errors from other sources (controlled by )

Precision Accuracy €
Step 1  Unigh [TITTTTTTITI] AKibnigh [TTTTT1T]
Step 2 Unigh [TITTTTTIITT] AK2Unigh [TTTTTTT[T]T]
Steb N Unigh [TTTTTTTTTTT]  ANUnigh [TTTTTTT]T]
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Continuum of accuracies

@ Precision # accuracy

@ Precision is the error of elementary operations {+, —, X, =}
@ Accuracy is the error of a sequence of operations

@ Consider an abstract computation partitioned into N steps, and let k; be the

precision /accuracy amplification factor of step i

@ Even with only two precisions uhigh and uiey, any target accuracy € > 0 can be achieved

by switching to precision ugy, any step i such that K;tow < Elnigh

= By mixing precisions, we can create a continuum of accuracies and finely tune the
performance—accuracy tradeoff. Moreover, this allows for balancing rounding errors with

errors from other sources (controlled by ¢)

Precision Accuracy €
Step1l  Unigh [TTTITITIII[] HAibnigh [TTTTI]1]
Step 2  Uow [TII1T1] Kollow  [TTT1T]
Steb N Unigh [TTTTITTTTTT] HKNUhigh [TTTTTITTT]
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Continuum of accuracies

@ Precision # accuracy

@ Precision is the error of elementary operations {+, —, X, =}
@ Accuracy is the error of a sequence of operations

@ Consider an abstract computation partitioned into N steps, and let k; be the
precision /accuracy amplification factor of step i

@ Even with only two precisions uhigh and uiey, any target accuracy € > 0 can be achieved
by switching to precision ugy, any step i such that K;tow < Elnigh

= By mixing precisions, we can create a continuum of accuracies and finely tune the
performance—accuracy tradeoff. Moreover, this allows for balancing rounding errors with
errors from other sources (controlled by ¢)

Precision Accuracy €
Step 1 Unigh [TITTITTIITT] ARibnigh [TTT[TTT]
Step2  Uow [II1ITJ Kollow  [I11]1]
Step N Uiow [TTTTT] FNUiow  [TTT]
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Continuum of accuracies

@ Precision # accuracy

@ Precision is the error of elementary operations {+, —, X, =}
@ Accuracy is the error of a sequence of operations

@ Consider an abstract computation partitioned into N steps, and let k; be the

precision /accuracy amplification factor of step i

@ Even with only two precisions uhigh and uiey, any target accuracy € > 0 can be achieved
by switching to precision ugy, any step i such that K;tow < Elnigh

= By mixing precisions, we can create a continuum of accuracies and finely tune the
performance—accuracy tradeoff. Moreover, this allows for balancing rounding errors with
errors from other sources (controlled by ¢)

Precision Accuracy €
Stepl  Uow [TII1T1] Killow [T
Step 2 Uow [TI1111] Kalhow  [TITTT]
Step N Uiow [[IITTJ EnUow [T1T]
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Continuum of accuracies

@ Precision # accuracy

@ Precision is the error of elementary operations {+, —, X, =}

@ Accuracy is the error of a sequence of operations

@ Consider an abstract computation partitioned into N steps, and let k; be the

precision /accuracy amplification factor of step i

@ Even with only two precisions uhigh and uiey, any target accuracy € > 0 can be achieved
by switching to precision ugy, any step i such that K;tow < Elnigh

= By mixing precisions, we can create a continuum of accuracies and finely tune the
performance—accuracy tradeoff. Moreover, this allows for balancing rounding errors with

errors from other sources (controlled by ¢)

@ Combine with a continuum of precisions to equilibrate the accuracies: Vi kju; ~ ¢

Precision Accuracy €
Stepl w1 [[I[I[IT] kit [LL1]
Step2 W2 11 Ko U2 (1117
Step N uy  [[IIIITITD  Awun  (IIT
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The role of error analysis

@ Given precisions u; < ... < up and a target accuracy € > 0, how do we decide:

e how to define a partitioning of the computation into steps 1,...,N 7
o which precision {u1,..., up} to assign to each step i ?

@ Impossible to decide based on intuition or heuristics only!

@ Use error analysis to reveal the numerical structure of the computation:

e Find expressions for the k; factors
e Group together operations with similar ;
o Assign precision max{k = 1: p, uxk; < €} to each step i

=- Error analysis has a new role to play in the design of mixed precision algorithms

o Traditionally: develop algorithm = analyze it to prove stability/identify instabilities
e Today: analyze computation = develop algorithm that exploits mixed precision
opportunities (in a provably accurate way)
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Dynamic precision choice

@ Note that k; usually depends on the data and is thus only known at runtime
= dynamic precision choice required

@ When k; is cheap to compute, we not only get provable accuracy but also
provable performance
e Since it is provably accurate, the algorithm can't “fail” or kill performance
@ In the worst case, there are no mixed precision opportunities and the adaptive
algorithm falls back to the high precision one

@ What if k; is expensive to compute?
e Replace with proxy estimate k;
o Use optimistic look-ahead: compute in low precision, check, recompute in high

precision if needed
o In the worst case, none of the above is possible/practical, but having done the error
analysis still has taught us valuable insights (even if we can't exploit them)
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Part |l

Putting the guide into action




AP SpMV (Graillat, Jézéquel, M., Molina, Mukunoki, 2024)

@ Goal: compute y = Ax with accuracy € and precisions vy <e < up < ... < Up.
@ Analysis: define partitioning A = Zi:l AK) with A(K) stored in precision uy.
The computed y satisfies

p
17 =yl < ¢ > udllAW]jx]
k=1
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AP SpMV (Graillat, Jézéquel, M., Molina, Mukunoki, 2024)

@ Goal: compute y = Ax with accuracy € and precisions vy <e < up < ... < Up.
@ Analysis: define partitioning A = Zi:l AK) with A(K) stored in precision uy.
The computed y satisfies

p
17 =yl < ¢ > udllAW]jx]
k=1

= Algorithm: we build A%) such that ||AK)]|| ~ ¢||Al|/ux:

() _ ) fl(ay) i [ag] € (lAll/ e, el All/uria]
Y 0 otherwise

and so we obtain ||y — y|| < ce||All||x]]
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aillat, Jézéquel, M., Molina, Mukunoki, 2024)

% of elements

100

80

60

40

20

Long_Coup_dt0 matrix

[ drop
I rp16
[ rp24
I fp32
T rp40
[ rp48
I 56
I fp64

2753 2745 2737 2729 2724 2—16 2—8

£

Cost (% of fp64)

1004

80 -

g

60
40

20

—¥— Uniform storage

t |—&— Adaptive storage

Uniform time
- © - Adaptive time

0
9
fp64

2—‘37
rp48

53 27‘45
P56

2—‘24
fp32

2—‘29
rp40
3

2—8
rpl6

2—16
p24

@ The more precisions we have, the more we can reduce storage = exploit
continuum of custom precisions with memory accessor
@ Performance is entirely matrix-dependent, but consistent (no worse than uniform

fp64)
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AP GMRES

@ Building the adaptive precision matrix is cheap: only need to scan A twice. Can
then be reused for multiple SpMVs

= lterative solvers are a natural application. But how do we choose 7

o First answer: set ¢ to the iterative stopping tolerance.
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AP GMRES

@ Building the adaptive precision matrix is cheap: only need to scan A twice. Can
then be reused for multiple SpMVs

= lterative solvers are a natural application. But how do we choose 7

o First answer: set ¢ to the iterative stopping tolerance. Better answer:
Relaxed GMRES (Giraud, Gratton, Langou, 2009)

If at each iteration k the SpMV is performed with Zk = A+ Ej such that

|| Ex| 1 : bl e
< min (1, ——= ),
Al — 2nk(A) ( Hrk_1|!2>

where r,_1 is the Arnoldi residual, then there exists an iteration ¢ such that the true
residual satisfies ||ry|| < ¢]|b||

@ SpMV accuracy can be reduced to be inversely proportional to the residual norm
= lower and lower precision as iterations progress
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Number of Elements

4
®

o
o

o
>

going work w/ Agullo, Giraud, Jolivet, Tabouret)

SiO2 matrix

" 3 34 g oy "
© N O D ©
S F
Iteration

= 1.5x speedup wrt fp64 GMRES

Precision
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AP domain decompOSition preconditioning (ongoing work w/ Caruso, Jolivet, Nataf, Tournier)

@ Given an SPD system, consider the additive Schwarz preconditioner

N
-1 T a1
M~ =>"RTA'R;,
i=0
where A, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner
N
Mt = RI(A+E) 'R, |IE < ui] Al
i=0

satisfies N 1
R(VHA) < 5 + -

K(M™TA), & = maxur(A;)
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AP domain decompOSition preconditioning (ongoing work w/ Caruso, Jolivet, Nataf, Tournier)

@ Given an SPD system, consider the additive Schwarz preconditioner
N
Mt = Z RTATR,,
i=0

where A, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner
N
Mt = RI(A+E) 'R, |IE < ui] Al
i=0

satisfies N 1
R(VHA) < 5 +

K(M™TA), & = maxur(A;)

= Algorithm: set u; < 1/x(A;)

o Factorize/invert A; in high precision, estimate x(A;), apply Afl in precision u;
o or factorize/invert optimistically in low precision, and recompute if needed
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AP domain decompOSition preconditioning (ongoing work w/ Caruso, Jolivet, Nataf, Tournier)

@ Given an SPD system, consider the additive Schwarz preconditioner
N
Mt = Z RTATR,,
i=0

where A, ..., Ay are N (overlapping) subdomains and Ag is the coarse space

@ Analysis: the adaptive precision preconditioner
N
Mt = RI(A+E) 'R, |IE < ui] Al
i=0

satisfies N 1
R(VHA) < 5 +

K(M™TA), & = maxur(A;)

= Algorithm: set u;  1/k(A))

o Factorize/invert A; in high precision, estimate x(A;), apply Afl in precision u;
o or factorize/invert optimistically in low precision, and recompute if needed

@ Our analysis also covers the GenEO method to build the coarse space. It involves solving
local GEVPs whose precision should also be set o< 1/k(A;)

@ See also AP block Jacobi preconditioning (Anzt, Dongarra, Flegar, Higham, Quintana-Orti, 2019) 1627



AP domain decompOSition preconditioning (ongoing work w/ Caruso, Jolivet, Nataf, Tournier)

Poisson equation with
discontinuous coefficient

5 -
10 <
/
. .. 4|
Uniform precision: u; = u 10
=T 10°4
—— All subdo. 'T
'''''''' One subdo. x(A;) € [10%,10%] <§
One subdo. r(4;) € [107,107] 102~
"""" One subdo. x(4;) € [10',10'%]
"""" Coarse matrix #(A4g) = 5.0x10'2
1014
10" ‘ ‘ ‘
10°% 1072 1078 1071
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AP domain decompOSition preconditioning (ongoing work w/ Caruso, Jolivet, Nataf, Tournier)

Adaptive precision: u; = £/k(A;)

—— All subdo.

-------- One subdo. r(4;) € [10%,10%]
One subdo. r(4;) € [107,107]

-------- One subdo. x(A;) € [101,10%%]

-------- Coarse matrix r(Ag) = 5.0x102

—— Theoretical bound

Poisson equation with
discontinuous coefficient

1072 100 102 10*
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AP incomplete factorization (ongoing work w/ Lister and Scott)

o Let A= LU; ¢ is computed as
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = E,-j(l +6,-j)' we have

01+ 05) = (a5 Zz,ku,g)/uﬂ

J

< aj = Zﬁikukj + E,-jujjé,-j
k=1
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AP incomplete factorization (ongoing work w/ Lister and Scott)

o Let A= LU; ¢ is computed as
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = E,-j(l +6,-j)' we have

01+ 05) = (a5 Zz,ku,g)/uﬂ

J
< aj = Zgikukj + E,-jujjé,-j
k=1
= Algorithm:
i 1¢58] < l|All - drop £ (£ =0, 6 = —1)
else store (jj in precision < \EHSHI
J gl

Then ||A— LU|| < || Al
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AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix
x10°

111111

o Let A= LU; /;; is computed as 1
j—1
by = (a,-,- - ZfikUkj)/Ujj
k=1
e Analysis: let Z,-j = 6,-1-(1 +<5,-j)' we have

01+ 05) = (a5 Zﬁ,kukj)/uﬂ

J

< aj = Zﬁikukj + E,-jul-,-é,-j
k=1

Number of elements

= Algorithm:
if |£;T0;] < el|All drop £ (£; =0, 6; = —1)
A

el
1€ 1]

else store /;; in precision <

Then ||A— LU|| < || Al
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AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix

o Let A= LU; /;; is computed as
j—1 .
g
f,‘j = (a,-j — E E,-kukj)/uj-j é
k=1 E
~ 2
e Analysis: let £;; = £;;(1+0;); we have z
j—1
(1 +6y5) = (a,-j - :ﬁikUkj)/ ujj S Eesss
J k=1 70 :
o ~
< aj = E E;kukj +€,'J'Ujj(5,'j 60 e
k=1 £ 50
. E
= Algorithm: i
o~ ;30
if [ju;| < el||All drop £ (¢ =0, 6; = —1) =
. . . Z
else store ¢j; in precision < 5“&_“ "
1€ ujj]
o~ 0 2
Then ||A — LU|| < e||A] 1 2 3 1 5

5
Storage(L+U) in bytes x107 18 /27



AP incomplete factorization (ongoing work w/ Lister and Scott)

becsstk13 matrix

o Let A= LU; /;; is computed as
Jj-1 .
} : E
f,‘j = (a,-j — E,-kukj)/uj-j é
k=1 E
. 2
e Analysis: let £;; = £;;(1+0;); we have z
j—1
(1 +0j) = (a,-j - :EikUkj)/ ujj
J k=1 70 :
>~ ~ —o— Adaptive precision
S aj =Y Ll + Lo @ o e 2
k=1 é 50
. E
= Algorithm: i
o~ ; 30
if \E,-jujj\ S z’:‘HAH drop é,J (E,J = 0, 5,J = —1) ’520
. .. A Z
else store {;; in precision < @I,',ﬁ_'_'l 1
=y
e 0 9]
Then ||[A— LU|| < ¢||A] 1 2 3 4 5

5
Storage(L+U) in bytes x107 18 /27



AP tile factorization (ongoing work w/ Ltaief)

Root frontal matrix o Consider a pb x pb matrix A partitioned into
in 3D Poisson problem b x b tiles Aj;

o Analysis: let A be obtained by rounding each
Ajj to precision uj;. Then we have

1A= AlIE =" 1A — AylI?

i

2 2

< E uill AjllE
iJ

5 10 15 20

[C1p16 low-rank
[ fp32 low-rank
[ p64 low-rank
I fp64 full-rank
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AP tile factorization (ongoing work w/ Ltaief)

Root frontal matrix o Consider a pb x pb matrix A partitioned into
in 3D Poisson problem b x b tiles Aj;

o Analysis: let A be obtained by rounding each
Ajj to precision uj;. Then we have

1A= AlIE =" 1A — AylI?

i

2 2

< E uill AjllE
iJ

. . .. A
= Algorithm: store Aj; in precision uj; o ”HA_”HE
5 10 15 20 u
116 lownrank @ Moreover, in the factorization of A, the update
[ fp32 low-rank .
I 64 low-rank A + Ajj — AikAxk; can be performed in
I 64 full-rank Y Y J

- IA]
recision ujj, X vt a7 &
P ijk O T AT
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AP |0W—rank approximation (Amestoy, Boiteau, Buttari, Gerest, Jézéquel, L'Excellent, M., 2022)

L, Us A ®

VJ precision u;
v, precision up

2 precision u3

© Analysis: Given A = UZVT define the adaptive precision partitioning
A= Zk 1 Uka Vk where Uk and Vk are stored in precision ux. Then

A=Al < Z cug|Zk|
k=1
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AP |0W—rank approximation (Amestoy, Boiteau, Buttari, Gerest, Jézéquel, L'Excellent, M., 2022)

L, Us A ®

V]: precision u;
v, precision up
e/uz 2 precision u3

e/u3

© Analysis: Given A = UZVT define the adaptive precision partitioning
A= Zk 1 Uka Vk where Uk and Vk are stored in precision ux. Then

A=Al <Y culsi]
k=1
= Algorithm: sort X and partition it such that [|X 4| < [|A[|/ux, yielding
A= All < e[| All
@ Beyond SVD, can be applied to any LRA with decaying rank-1 components (e.g.,
RRQR)
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AP truncated Householder QR (Buttari, M., Pacteau, 2025)

o Analysis: consider a truncated QR factorization computed such that k = >°%_ k;
Householder transformations are applied to a matrix A, where k; is the number of
transformations computed in precision u;. The computed R and Q, satisfy

A - Z QiRill < [[Apsall + ZculllA I
i=1
where A; is the trailing submatrlx after ZJ: k; transformations.
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AP truncated Householder QR (Buttari, M., Pacteau, 2025)

o Analysis: consider a truncated QR factorization computed such that k = >°%_ k;
Householder transformations are applied to a matrix A, where k; is the number of
transformations computed in precision u;. The computed R and Q, satisfy

A - Z QiRill < [[Apsall + ZculllA I
i=1
where A; is the trailing submatrlx after ZJ: k; transformations.

= Algorithm: balance ||A,11| = ui||Ai| = ¢||A]

@ start the factorization with u; < ¢
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AP truncated Householder QR (Buttari, M., Pacteau, 2025)

o Analysis: consider a truncated QR factorization computed such that k = >°%_ k;
Householder transformations are applied to a matrix A, where k; is the number of
transformations computed in precision u;. The computed R and Q, satisfy

IA = Z QRIll < [ Ap el + Zcu,IIA I
i=1
where A; is the trailing submatrlx after Z 1 k transformations.

= Algorithm: balance ||Ay1|| = uj||Ai]| = ¢|| Al
@ start the factorization with u; < ¢
@ if after ki transformations ||A%|| < /w2 ||A]|,
switch to precision u»
A2
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AP truncated Householder QR (Buttari, M., Pacteau, 2025)

o Analysis: consider a truncated QR factorization computed such that k = >"%_ k;
Householder transformations are applied to a matrix A, where k; is the number of
transformations computed in precision u;. The computed R and Q, satisfy

IA— ZQIR I < [ Aps1l +ZCU:||A I

i=1
where A; is the trailing submatrlx after Z ~1 k; transformations.

= Algorithm: balance ||Ay1|| = uj||Ai]| = ¢|| Al -

@ start the factorization with u; < ¢

@ if after ki transformations ||A%|| < /w2 ||A]|,
switch to precision u»

@ same for precisions wuy, ..., up,
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AP truncated Householder QR (Buttari, M., Pacteau, 2025)

o Analysis: consider a truncated QR factorization computed such that k = >"%_ k;
Householder transformations are applied to a matrix A, where k; is the number of
transformations computed in precision u;. The computed R and Q, satisfy

IA— ZQIR I < [ Aps1l +ZCU:||A I

i=1
where A; is the trailing submatrlx after Z ~1 k; transformations.

= Algorithm: balance ||Ay1|| = uj||Ai]| = ¢|| Al R;

@ start the factorization with u; < ¢

@ if after ki transformations ||A%|| < /w2 ||A]|, =
switch to precision u» Qs
@ same for precisions wuy, ..., up, 1A= GiR — GoRo — I < el Al

@ if after ks + - - - + k,, transformations
|APHL| < e[| A]l, stop

e Works for any pivoting strategy (e.g., Businger—Golub but also randomized)
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AP block low-rank approximation

@ We use AP BLR approximations in MUMPS for reducing the LU factor storage cost

@ We use 7 custom RP precisions with truncated mantissa and a memory accessor to
perform the LU solves (Amestoy, Jego, L'Excellent, M., Pichon, 2025)

@ lllustrative application impact (Operto et al., 2023):

Gorgon Model, reservoir 23km x 11km x 6.5km,
grid size 15m, Helmholtz equation, 25-Hz
Complex matrix, 531 Million dofs

FR (Full-Rank); BLR with ¢ = 10~>; 48 000 cores (500 MPI x 96 threads/MPI)
FR: fp32; AP BLR: 3 precisions (fp32, rp24, rpl6) for storage
LU size (TBytes) Flops Time BLR + Mixed (sec) | Scaled Resid.
FR BLR +adapt. FR BLR-+adapt. | Analysis Facto  Solve BLR-+adapt.
73 34 26 | 2.6 x 10" 0.5 x 10 446 5500 27 7x107"
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AP Tucker tensor approximation (ongoing work w/ Ballard and Verma)
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AP Tucker tensor approximation (ongoing work w/ Ballard and Verma)
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AP Tucker tensor approximation (ongoing work w/ Ballard and Verma)

heat equation tensor
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AP neural network inference (Ei Arar, Filip, M., Riccietti, 2025)

@ Consider the forward pass on a neural network with L layers:

hg:@g(W@hg,l), f=1,...,L
where W, are the weight matrices, ¢, are the activation functions, hg is the input,
and hy is the output

Analysis: we consider an adaptive precision componentwise matrix—vector
product error model:

he = ¢o(Wy + AW )he_1)  |[AW,| < upo |Wl,

where AW, € R"*™-1 and u, € R™, so that the precisions (uy); can vary both
on each layer ¢ and each row i. Then the computed output satisfies

L L
RSN ANNINANED i [ ) ST
/=1 k=0¢+1

where ky € R™ is the vector of condition numbers of layer ¢:

ke =~ ¢p(ve) @ de(ve),  ve = Wihp—4
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AP neural network inference (Ei Arar, Filip, M., Riccietti, 2025)

= Algorithm: set u; o< 1 @ kg, where kg = ¢)(ve) @ de(ve), ve = Wyhy—1, can be
obtained almost as a by-product of the layer output hy = ¢y(vy)

Previous
layer
Keep (%), in

hf—l
m'\l:IIA I Uiow (Kf),- <e i
ow
Activation Check Next
v, N, hy ECK Ky layer
iow h
MMA uf*‘
W, (kp);> € in sy, o
ul:w i * Activation Requantize
O N Mgn = (hy); Ny, (he);
% i Unigh Upigh Uiow

(yf)i,: Recompute (v,); and (k); in g,
low

Uow

o Efficient as long as the fraction p of inner products needing to be recomputed is

small (e.g., p < 0.5 when uyqy is twice faster than upigh)
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AP neural network inference (Ei Arar, Filip, M., Riccietti, 2025)

5-layer ReLU MLP on FMNIST dataset

-@- Mixed fp8/fp16 -
1.01 > Uniform fp8 s
¥ Uniform fp16
0.8
0.6
P
0.4+
. (€=0.5) (e=0.3) (e=0.1)
(e=1.0)
0.0 »
fp8
0.83 0.84 0.85 0.86 0.87 0.88

Test accuracy
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Conclusion

Adaptive precision algorithms:

e can exploit as many precisions as there are available

o can achieve a flexible performance—accuracy tradeoff, and
thus balance rounding errors with other errors

o due to the combinatorial possibilities, are based on error
analysis, which makes them provably accurate and allows for
identifying (often all) mixed precision opportunities

o are by necessity dynamic, requiring to monitor key quantities
at runtime

e are provably fast, whenever these key quantities are cheap to
compute/estimate

and, perhaps most surprisingly,

e seem to be applicable just about anywhere: SpMV, GMRES,
preconditioners, factorizations, LRA, tensors, DNNs, . ..
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thus balance rounding errors with other errors

o due to the combinatorial possibilities, are based on error
analysis, which makes them provably accurate and allows for
identifying (often all) mixed precision opportunities

o are by necessity dynamic, requiring to monitor key quantities
at runtime

e are provably fast, whenever these key quantities are cheap to
compute/estimate
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MIXED PRECISION '

and, perhaps most surprisingly,
e seem to be applicable just about anywhere: SpMV, GMRES,
preconditioners, factorizations, LRA, tensors, DNNs, . ..
= What about your favorite algorithms? What of
mixed precision opportunities are we yet to uncover?
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